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Abstract

In this work, the concept of anti fuzzy congruence on lattice L is introduced. Also if K be another lattice, then the concept
of anti fuzzy congruence on the product L x K is discussed. Finally it is proved for every anti fuzzy congruence relation p on
L x K, the anti fuzzy congruences p; and pg can be defined on L and K respectively such that pu = pup x pg.
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1. Introduction

Fuzzy set theory is a mathematical theory introduced by Zadeh [36] to deal with uncertain or vague
notions, using values in the unitinterval [0, 1] to indicate the specialist’s uncertainty when evaluating the
membership degree of an element to a given set. Lattice theory has been used to consider fuzzy logic
in a more general framework. See, e.g., the works on L-fuzzy set theory [5], BL-algebras of Hajek [7]and
Brouwerian lattices [34]. In the history of fuzzy mathematics, fuzzy relations were early considered to be
useful in various applications, and have therefore been extensively investigated. For a contemporary general
approach to fuzzy relations one should look in Belohlavek’s book [1], and also to other general publications
e.g., the books by Klir and Yuan [9] and Turunen [33]. Relational equations and applications are presented
by Di Nola, Sessa, Pedrycz and Sanchezin [4], and some new approaches to fuzzy relations are given by
Ignjatovic, Ciric and Bogdanovicin [2, 8]. Das [3] and Yijia [35] have introduced the concept of fuzzy
congruences in the background of semigroups. In this paper we introduce anti fuzzy equivalence relation
and anti fuzzy congruence on lattices. Also we investigate direct product of anti fuzzy congruences and
prove that every anti fuzzy congruence on the product lattice L x K is of the form pu x v where pu and v
are anti fuzzy congruences on L and K respectively. Also we consider conditions that the product of factor
lattices L/u and K/v is isomorphic to the factor lattice (L x K)/(1 X v).
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2. Anti fuzzy congruences

Definition 2.1. (See [6]) Let P be a nonempty set. A partial order P is a binary relation < on P such that,
for all x,y, z € P, the following conditions are hold:

(1) x < x (reflexivity);

(2) x <y and y < x imply x =y (antisymmetry);

(3) x <y and y < z imply x = z (transivity).

A set P equipped with an order relation < is said to be an ordered set (or partially ordered set or poset).

Definition 2.2. (See [6]) A partially ordered set in which every pair of elements has a join (or least upper
bound) and a meet (or greatest lower bound) is called a lattice.

Definition 2.3. (See [6]) Let L and K be lattices. Then map ¢ : L — K is an isomorphism if ¢ is one-to-one,
onto and if @(a/Ab) =¢@(a) AN@(b) and @(aVb)=¢@(a)V ¢@(b) for all a,b € L.

Definition 2.4. (See [6]) Let L and K be lattices. Define

AN:LxK—=LxK by (ll,kl)/\(lg,kg) = (11/\12,k1 /\kg) and V:LxK—=>LxK by (11,k1) V (12,k2) =
(11 V1y,k1 Vko) for all 11,15 € L and kq,ks € K. Then L x K will be a lattice called the direct product of L
and K.

Definition 2.5. (See [10]) Let X be an arbitrary set. A fuzzy set of X, we mean a function from X into [0, 1].
A fuzzy binary relation on X is a fuzzy set defined on X x X.

Definition 2.6. Let X be a non empty set and p be a fuzzy binary relation on X
such that

(1) u(x,x) = 0;

(2) ”’(Xay) = H(U,X);

(3) u(x,z) < infyex max{u(x,y), u(y,z)}

for all x,y,z € X. Then p is called an anti fuzzy equivalence relation.

Definition 2.7. Let p be an anti fuzzy equivalence relation on X. The similarity class for each x € x is the
fuzzy set py on X, in which the membership grade of each element y € X is u(x,y), i. e., ux(y) = u(x,y).
Then the similarity class for an element x represents the degree to which all the members of X are similar
to x.

Lemma 2.8. Let X be a non empty set and p be an anti fuzzy equivalence relation on X. Then py = py if
and only if u(x,y) =0 for all x,y € X.

Proof. Let x,y € X. If ux = wy, then py(y) = uy(y) = 0 and then u(x,y) = 0.
Conversely, if u(x,y) = 0, then pyx(y) =0 = py(y) and so py = wy. O

Definition 2.9. Let X be a lattice and p be an anti fuzzy equivalence relation on X. Then p is join compatible
if
r(xa Vx2, Y1 Vy2) < plxa,y1) V plxe, yz2)

and | is meet compatible if
r(x1 Ax2,Yy1 Ayz) < pixi,y1) V rixz,ya)

for all x1,x2,Y1,y2 in X. If p is both join compatible and meet compatible, then p is an anti fuzzy congruence
on X. Denote by AFC(X), the set of all anti fuzzy congruences on lattice X.

Example 2.10. The fuzzy binary relation p defined on a lattice X by

0 ifx=y
1 otherwise

Wi y) = {

is an anti fuzzy congruence on X for all x,y € X.
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Lemma 2.11. Let X be a lattice and p be an anti fuzzy equivalence relation on X. Then
(1) pis join compatible if and only if p(x; V t,y; Vt) < n(x1,y1),

(2) p is meet compatible if and only if p(x; At,y1 At) < n(xi,y1),

for all x1,y1,t in X.

Proof. Let x1,%2,Y1,Y2,t in X.
(1) If p is join compatible, then

wixit Vtyr Vi) < plxg,yr) Vit t) = px,yr) VO = plx,yr).
Conversely, let (x1,y1) = w(x1 Vt,y1 V1) and p(xe,yz) = u(xe Vt,ys Vt). Then
mix1,y1) V u(x2,y2) = nlx1 VHyi Vi) Vulxe Vt,ya Vi) > nlxg,y1) V u(xe, ya).

(2) The proof is similar as (1). O

3. Direct product of anti fuzzy congruences

Definition 3.1. Let L and K be sets, u and v be binary fuzzy relations on L and K respectively. Define the
fuzzy relation i x v on L x K by

(ux v)((l1, k1), (2, k2)) = w(ly, o) V v(k, ko)
for all 13,1y in L and kq, ks in K.
Proposition 3.2. Let u € AFC(L) and v € AFC(K). Then u x v € AFC(L x K).

Proof. Let 11,15,13 in L and ki, ks, k3 in K. Then

(1)
(b x v)((L1, k1), (L1, ke)) = wlly, L) V vk, ki) =0V 0 = 0.
(2)
(ke x v)((L1, k1), (2, k2)) = wu(ly, o) V v(ky, ka)
= u(l2, l1) V v(ka, kq)
= (1 xVv)((l2, k2), (L1, k1)).
(3)

(1 xv)((L1, k1), (13, k3)) = w(ly, 13) V v(k, k3)
< inf {u(ly, o) V u(le, 13)}V inf {v(ki, ko) V v(ko, k3)}
lael koK
= inf  {u(ly, 12) V plle, 13) V v(ky, k2) V v(ke, k3)}
(l2,k2)€(LxK)

= inf  {u(ly,l2) Vv(ki, ko) V u(le, 13) V v(ka, k3)}
(l2,k2)€(LXK)

= inf (e x V)L, k), (12, k2)) V(1 x V) (12, k2), (13, k3))}
(12,k2)e(LxK)

= inf max{(p x v)((l1, k1), (L2, ka)), (ke x v)((l2, k2), (13, k3))}-
(L2,k2)€(LxK)

Thus p x v will be an anti fuzzy equivalence relation on L x K.
Now By using Lemma 2.11 we prove that 1 X v is meet and join compatible. Let (t1,ts) € L x K then
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(ke x v)((L1, k1) V (t1, t), (Lo, ka) V (tr, t2)) = (kx V) (L1 Vi1, k1 Vt2), (12 V i, ke V t2))
wli Vi, Vi) Vviks Vig, ko Vi)

> u(ly, l2) V v(k, ko)

= (1 x v)((L1, k1), (12, k2))

and thus p x v is join compatible. Also

(l‘L X V)((llakl)/\ (tlatQ)) (127k2) N (tlatZ)) =

—

X V(L Aty kg Ata), (o Aty ke Ata))
(LAt o At) V vk Atg, ko Ats)

(L1, l2) V v(ki, k2)

X v)((Le, ke, (L2, ko))

T E

>

—

and then p x v is meet compatible. Therefore u x v € AFC(L x K). O

Example 3.3. Let p € AFC(X) as in Example 2.10. Then u x p is defined by

0 if (x,y) = (z,t)

(kxw)((xy), (z,t) = uix,z2) Vuly, t) = { 1 otherwise

is an anti fuzzy congruence on X x X for all x,y,z,t € X.

Proposition 3.4. Let f € AFC(L x K). Then for all 1;, 1o in L and k1, ko in K we have the following statements.
(1) B((l1, k1), (L2, k1)) = B((L1, k), (L2, k2)).
(2) B((lla k’l)a (1'17 kQ)) = B((lQa k’l)a (127 k2))

Proof. Let 11,15 in L and kq, ks in K. Then

B((L, k1), (12, k1)) = B((L, k1) V (L Alg, k2), (T2, k1) V (L1 Alg, ko)) (by Lemma 2.11)
=Bl VILAly, k1 Vka), (12 V1 Alg, k1 Vka)) = B((L, ki Vka), (T2, k1 V k2))
> B((l, k1 Vk) A (L Vg, ko), (I, k1 Vke) A (L3 Vg, ko))  (by Lemma 2.11)
=B((LLALL V1, ki VkaAks), (o Al Vg, ki Vko Aks))
= B((l1, k2), (12, k2)).

Similarly it can be proved that B((11, k1), (12, k1)) < B((l1,k2), (12,k2)) and then

B((L1, k1), (T2, k1)) = B((L, ka), (T2, ka)).
(2) The proof is similar to (1). O

Now we prove the converse of Proposition 3.2. On the other hand every anti fuzzy congruence relation
on L x K is of form p x v as Proposition 3.2.

Proposition 3.5. Let 3 € AFC(L x K). Define binary fuzzy relations 31 on L and g on K as:

Br(l,l2) = B((L1, k1), (12, k1)) and B (ki,k2) = B((l1, k1), (L1, k2))
for all 1;,1s € L and kq,ke € K. Then = 1 X Bk.
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Proof. From Proposition 3.4 we get that 31 and Bk are well defined. We prove that 3 is an anti fuzzy
congruence relation on L. Let 11,1y € L and ki, ks € K. Then
(1) Brly, ) = B((l1, k1), (L1, k1)) =0
(2) Br(li,l2) = B((L1, k1), (T2, k1)) = B((l2, k1), (L1, k1)) = Br(l2, L1).
(3)
Brly, l2) = B((l1, k1), (L2, k1))

inf {B((l1, k1), (13,k3)) V B((13,k3), (12, k1))}
(13,k3) € (LxK)

< éléfL{B((ll,kl), (13, k1)) V B((13, k1), (T2, k1))}
= inf {BL((lh 13) V BL((13,12)}

= 1;13nf max{Br ((11,13), Br((13,12)}

N

Brli Vi, L Vig) =Bl V13, ki), (12 V13,k))
(L, k1) V (13, k1), (L2, k1) V (13, k1))
(

(Lla kl)v (LQa kl))

Br(liAls, Lo Alg) = B((L1 Alz, ki), (la Alg, ki)
(L1, k1) A (13, k), (L2, k) A (13, k1))
(

(l1,kq1), (12, k1))

Now (1)-(5) show that B € AFC(L). In a similar way we can prove that fx € AFC(K). Next we must
show that 3 = B x Pk.

(Br x Bx)((l1, k1), (12, k2)) = Br(l1,12) V B (K1, k2)

Br
= B((l1, k3), (L2, k3)) V B((13, k1), (13, k2))
= B (L1, k1 Aka), (Lo, k1 Aka)) V B((L1 Ala, ki), (L1 Alg, ko)) (Proposition 3.4)
= B((L, k1 Ake) V(L Ala, ki), (L2, k1 Aka) V (1 Alg, k)
=B((LLVHL AL,k Aka VK, (Lo V1 Aly, ki Ake Vks))
= B((l1, k1), (L2, k2)).
Thus Bt X Bk = B. (1)
Now

B((L1, k1), (12, ka)) (L1, k) A (L V12, kg Aka)), (T2, k2) A (L V 12, k1 Akg))  (by Lemma 2.11)

B
B((Lt Al V1, ki Akt Aka), (la Al Vg, ko Ak Aka))
B
Br

A\,

(L1, k1 Aka), (12, k1 Akz))
(11, L2).
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Thus B((l, k1), (L2, k2)) = Br(ly, L2). (a) Also

B((L1, k1), (la, ko)) = B((L1, ki) A (L Allg, k1 Vka)), (L2, k2) A (L Alg, ki Vka)) (by Lemma 2.11)
B((Lt ALy Al ki Akt Vka), (Ta ALy Alg, ko Akp Vka))

B((L Alg, k1), (L Ala, ko)
B

K (k1,ka).

Therefore B((11,k1), (12, k2)) = Br(k1, k). (b)
Now from (a) and (b) we get that

B((l1, k1), (12, k2)) = Br(li,l2) V P ki, ko) = (Br x Bx)((L1, k1), (12, k2))

and then 3 > B X Bx. (1)
Then by () and (f) we obtain that p = B X Pk. O

Example 3.6. Let p € AFC(X x X) as in Example 3.3 such that

0 if (x,y) = (z,1)
1 otherwise.

1((x,y), (2, 1) = plx,2) V ly, t) = {

Define the fuzzy binary relation yu; on X by

Hl(XaU):H((X,Z),(y,Z)):{(1) if(x7z):(y77~) :{ 0 le:y

otherwise 1 otherwise

and the fuzzy binary relation ps on X by

B 0 if(x,z)=(x,t) [0 ifz=t
uz(z,t)—u((XJ)v(th))—{ 1 otherwise “ 11 otherwise

and then p =y X po.

Remark 3.7. In the Propositions 3.2 and 3.5 it is also proved that if u € AFC(L x K), then corresponding to
each k € K we can define pp € AFC(L) and corresponding to each 1 € L, we can define ux € AFC(K) such
that w = pp x pux where pp(ly,lz) = p((ly, k), (12,k)) and px(ki, ko) = w((l, k1), (L, ko)) for all 14,12 € L
and kl, kg e K.

Definition 3.8. Let p be an anti fuzzy congruence on lattice X. Then p is an anti fuzzy equivalence relation
and determines similarity classes. Let X/p denote the set of all similarity classes of X determined by the
anti fuzzy congruence p. Suppose X/ = {uy | x € X} where py : X — [0, 1] such that puy(y) = pn(x,y) for all
y € X. Now define two binary operations ¥ and A on X/ by ux ¥ iy = vy and px Ay = pyay for all
x,y € X. Then X/u together with the binary operations Y and A is a lattice, which we call the factor lattice
of X corresponding to the anti fuzzy congruence p on X.

Proposition 3.9. Let L, K, u,v and u x v be as in Proposition 3.2. Then the factor lattice (L x K)/(u x v)
corresponding to 1 X v is isomorphic to the product of the corresponding factor lattices L/p and K/v.

Proof. Let L/u ={w |1l € L} and K/v ={vy | k € K}. Moreover let
(LxK)/(mxv)={(kx V)| (k) € LxK}
and define the map

@ :L/uxK/v— (LxK)/(uxv) by o(m,vk)=(1xV)1x)-
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Let 11,12 € L and kq,ko € K. First we show that ¢ is well defined. Let (my,,vy,) = (H1,,Vk,) then
Hy, = 1, and vy, = Vi,. From Lemma 2.8 we have that p(li,l2) = 0 and v(ki,k2) = 0 and so (p X
v)((l1, k1), (L2, k2)) = u(ly,12) V v(ky, ko) = 0V 0 = 0. Now Lemma 2.8 conclude (1 x v)(, k,) = (K X
V) (1,,k,)- Next we prove that @ is one to one. If (1L X V) (1, k,) = (L X V) (1,k,), then (L x V) ((l1, k1), (12, k2)) =
0 and so p(ly,l2) V v(ki, ko) = 0. Then p(ly,lz) = 0 = v(kq, ko) and by Lemma 2.8 we obtain p, = py,
and Vi, = Vi, and (W, Vk,) = (H1,, Vi, ). It is clearly that ¢ is onto. Finally we prove that ¢ is a lattice
homomorphism. Let (py,, Vi, ), (Kt,, Vk,) € L/p x K/v and Y(A) be the join(meet) in factor lattice. Then

@ (11 Vi) Y (1, Vi )) = @, Y ey, Vi ¥ vic,)
= @ (M1, V1, ViyVk,)  (by Definition 3.8)
= (L X V) (1, V1s.k1 Vks)
= (X V) (1, k1 )V (12Vks)
= (X V) (1 ,k1) ¥ (X V) (1,%)

= @M1y, Vi) Y @11, Vi,)-

Similarly
@ (1, Vi) A (KL, Vi) = @(H1y, Vig ) A @ (11, Vi, )-

Therefore @ is a lattice homomorphism and proof is complete. O

4. Open problem

Norms were introduced in the framework of probabilistic metric spaces. However, they are widely applied
in several other fields, e.g., in fuzzy set theory, fuzzy logic, and their applications. Now one can investigate
norms over them and obtian some new results as author by using norms, investigated some properties of
fuzzy algebraic structures [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32].
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